Abstract-The geoid is used as a transformation linkage between ellipsoidal heights (h) determined from DGPS observations and orthometric heights (H). Widespread acceptability and adoption of GPS in local geospatial
I. INTRODUCTION
The use of GNSS in orthometric height (H) determination requires a geoid model (N) to transform the observed ellipsoidal height (h). For global applications, global geoid models (EGM2008) have been developed to provide the geoid undulation. For small to medium-sized areas, global geoid model, according to Odera and Fukuda (2015) is too generalized and will lead to error in orthometric height if applied. Merry (2009) gave a value of 3m in Central Mozambique when compared with EGM2008 values due to the use of generated gravity anomalies. Hence, this requires the development of local geoid models for the needs of GNSS user community in geospatial data acquisitions and applications.
Al-kragy et al. (2015) observed that a geoid model is a three dimensional (3D) geospatial model that defines the relationship between the ellipsoid and the geoid surfaces at a specific area. defined geoid as the surface which coincides with that surface to which the oceans will conform over the entire earth if free to adjust to the combined effects of earth's mass attraction and the centrifugal force of earth's rotation. Methods of geoid undulation determination are namely: (a). Gravity measurements for gravimetric geoid by solving general Stoke's integral formula by spherical harmonic expansion as given by Heiskanen and Moritz (1967) : (2) where the various parameters are as given in the literature.
Assuming that the mass of real earth is equal to the mass of the normal earth and the potential generated by two masses to be equal, the first two terms in equation (1) become zero i.e.
The difficulty with Stoke's formula is that solution requires gravity data all over the earth which is impossible to achieve arising from the double integral in the formula. To overcome this, global geopotential models (GGM) were developed. These global models are inadequate for local applications and Odera et al. (2015) stated that they are too generalized to be useful for local applications and hence, for areas of limited sizes, a local geometric geoid model could be developed for orthometric data acquisitions.
(b) Geometric Geoid Model
This is developed for areas ranging from small to medium and computed directly from GPS based ellipsoidal height (h) and collocated with points of known orthometric heights (H). Figure 1 shows the linear relationship between the heights. The combined interpretation and implication of the above values is that we can write with confidence that: 
Datum Ambiguity/Bias
The vertical datum may be inconsistent due to measurement error and is evident in all three height components of h, H and N. Let δh, δN and δH be the biases in each of the components, we can, therefore, write from equation (6) becomes feasible over interested points with an available GPS ellipsoidal and existing orthometric heights.
Justification of Adopted Field Procedure
Generally, in DGPS campaigns only one base reference station is adopted for observations in the relative approach. This method has limitations in coverage and accuracy is spatially degraded after certain distances beyond, for example, 10km or over large areas. Martensson (2002) recommended the use of network that resembles a triangulation network in GPS campaigns where the aim is to obtain surface cover for geometric geoid modelling to ensure that no deterioration of results are experienced and hence it can be stated that the results from this study are highly stable and consistent since the FCT triangulation network was used for all measurements. Chang and Lin (1999) reported from studies using one and multiple base reference stations, that results obtained from the latter are more reliable and consistent achieving over 60% improvement in values both in horizontal and vertical components using DGPS.
Stability of Shapes
A triangle is the simplest of closed figures in two dimensions and described as the strongest geometrical shape and most stable too because of its inherent structural characteristics. For example, a square is capable of becoming a parallelogram whereas a triangle is only capable of being a triangle. The explanation given to why the triangle is more stable than other shapes is that it only takes three points to define a plane. By adding any point to the plane will make it harder and harder for it to be stable. Also, no matter where the vertices of the triangle lie, they will always define a plane and hence triangles are both stable and rigid. Grashof's relationship can be used to compute geometrical stability of figure from Quora http:// www.quora.com as: (10) where, n = degree of freedom L is number of links; J is number of joints ; h is number of higher points. If From Figure 2 , for a triangle, L = 3, J = 3, h = 0; n = 3(3-1)-2×3-0 = 0. This (n = 0) implies the adopting of triangular geometry for GPS observations, geometrical stability of results is achieved. For a line used as the conventional method of GPS relative technique of one base reference station and one rover position as shown in Figure 3 , i.e. computed to be n = -4 to show that line used for field observation may not produce stable results.
Fig. 3: A line
For a pentagonal geometry, L = 5, J = 5, h = 0, therefore n = 2 to indicate and imply that a deformed and in stable shape that may affect the data.
II. METHOOLOGY 2.1 GPS Field Observations
Dual base reference stations were used to determine the ellipsoidal heights of the observed controls used as rover positions with DGPS receivers and accessories. Three online post processing software was used to process for the ellipsoidal height and the arithmetic means of the ellipsoidal heights were computed. The average ellipsoidal heights of each point was used with the existing orthometric height to determine the geoid undulation of each control point, equation (5) . See the results in Table 1 
Polynomial Surfaces
Multi-quadratic interpolation according to Yanalak and Baykal (2001) is an analytical method of representing irregular surfaces that involve the summation of quadratic surfaces. Kirici and Sisman (2017) stated that even if the reference points are not homogeneously distributed, the results of surface modelling are barely affected. This is particularly applicable to the present studies with reference to the lopsided distribution of controls selected (after reconnaissance surveys) for use in geometric geoid development. 2. Bi-cubic model (third-order polynomial) Unit weight (W = 1) is assumed due to equal reliability of observations. The geoidal undulation of at least six points must be known within the study area to enable redundancies for the robustness of least squares solution. In this study, twenty-four (24) points with both ellipsoidal and orthometric heights are known. The model parameters determined from least squares solutions are:
Multi -Quadratic Model Parameters
Bicubic Model Parameters
Standard deviation of observations (σ) was computed using (15):
where, 
Interpolation of Geoid and Orthometric Height
Modelling Microsoft Excel program was developed to interpolate the geoid undulation and hence model the orthometric height for each point within the study area. The x, y and h are input into the Microsoft Excel program developed to interpolate both geoid and orthometric heights. The modelled orthometric heights were then compared with their corresponding existing orthometric heights of the controls and the standard deviation was computed from equation (15) 
H
The statistical significance of the relationship was computed by t-test statistics formula given in janda.org/c/10/lectures/topic/L as:
In the case of H is accepted and further, it may be an indication of coincidence of the two surfaces but referenced to different reference datum, the geoid and the mean sea level. Height values based on the geoid (multi-quadratic or bi-cubic models) are the desired orthometric heights and is the primary goal of this study in FCT for height modernization according to Nwilo (2013).
Evaluation of Surface Fitting Techniques
Alevzakou and Lambrou (2011) stressed the need to determine if a surface of higher degree is necessary in geometric geoid modelling by using the relationship given as:
Where, This is an indication that either multi-quadratic or bicubic model can be used to model orthometric height although the multi-quadratic model performed better and could be taken as the optimum.
Skill and Bias Estimates
The skill parameter can be used as a measure of the model predictive capacity in relation to the observations. This skill parameter ranges from negative values to one with the corresponding value of one implying a total agreement between observations and the model results.
The bias values computed as zero simply imply that the data used, equipment used and personal error did not show any bias whatsoever in this study. Bias and skill were calculated by the relationship given by Sutherland et al. (2004) This also suggested that the selection and combination of equipment, personnel, field techniques and processing methods adopted yielded high quality data to produce the FCT geoid surface information as much as possible. Orthometric heights from the surface are hence based on geoid and compatible with GNSS technique and the adopted dual base reference stations technique. 3. The geoidal map can also be used to interpolate for geoid heights at any point of interest in FCT. 4. This is useful where the conventional method of spirit levelling is costly, tedious, time-consuming and costly especially in highly urbanized areas. The importance of the determined geoid models in orthometric height derivation are:-1. Consistency and compatibility with GNSS technique is achieved with these models for orthometric height determination. 2. Orthometric heights can be interpolated for all points of interest within the FCT. Figure 5 presents the plots of multi-quadratic and bicubic geoid heights against control stations. This was done to show graphically the differences between the multiquadratic and the bi-cubic models' geoid undulations. It can be seen that the two surfaces are nearly coincident and identical from a visual inspection of Figure 5 . This implies and confirms the interchangeability and acceptability of the two models for orthometric height determination within the FCT but attaching more weight to the multi-quadratic model. However, visual observations/interpretations are generally subjective. Figure 6 shows the plots of the multi-quadratic model, bicubic model and existing orthometric heights. This was also done to show graphically the similarity of the three surfaces. From Figure 6 , it can be confirmed that the multi-quadratic model is more suitable and adequate as it is smoother for the modelling of orthometric heights in FCT by GNSS technique. 
Diagnostic Test for Multiquadratic and Bicubic Models

III. DISCUSSION OF RESULTS
Plot of Geoid Undulation Against Controls
Similarity of Surfaces
